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Fin efficiencyAbstract Efficiency of annular elliptical fin has been studied numerically. It has been shown that
constant temperature lines do not preserve their circular shape in fins with high aspect ratio and
therefore, the common methods such as equivalent fin area or sector method may not be applicable.
For this reason, a new simple correlation has been proposed to approximate annular elliptical fin
efficiency and then the fin geometry optimized, to maximize the rate of heat dissipation for a
specified fin volume, when there is a space restriction on the fin minor axis. Results have been
presented graphically and a correlation has been deduced also.
 2015 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Annular fins are used vastly in industry to increase the heat
transfer area. Although circular type of annular fin has been
studied widely [1–5], the elliptical one has not been studied
yet. Lesser pressure drop across elliptical fin in comparison
with circular fin is its obvious advantage. Moreover, since it
can be extended only from one side, it is very useful in the pres-
ence of space restriction.
It is clear that increasing fin length decreases the rate of
heat transfer. So, maximizing the amount of heat transfer
for a specified fin volume is mandatory. Results of thisoptimization are widely reported for annular circular fins [6–
8]. However, shape optimization of annular elliptical fins
may be rarely found. In annular elliptical fin, the radius ratio
is another variable added to optimization problem. Nagarani
and Mayilsamy [9] performed some limited experiments to
study the natural convection on specified elliptical fin geome-
try. Kundu and Das [10] proposed a semi-analytical method
similar to sector method to approximate elliptical fin effi-
ciency. However, this method ends to a series of Bessel func-
tion families. Later, Nemati and Samivand [11] proposed a
simple correlation to determine circular annular fin efficiency.
They extend their work to predict elliptical annular fin
efficiency, also.
In this study, the shape of annular elliptical fins has been
optimized. To do this, at the first step, elliptical fin efficiency
has been calculated numerically in a vast range of thermo-
geometric parameters. Then, equivalent parameters have been
proposed to approximate elliptical fin efficiency, based on
circular fin efficiency formula. Knowing the fin efficiency, the
Nomenclature
Bi Biot number, Bi= hrb/k
h convection heat transfer coefficient (W/m2 K)
k fin thermal conductivity (W/m K)
L fin length, rf  rb (m)
L arithmetic mean of major and minor fin lengths,
L1þL2
2 (m)
L1 major fin lengths, (r1  rb) (m)
L2 major and minor fin lengths, (r2  rb) (m)
m thermo-geometry parameters,
ﬃﬃﬃ
h
kt
q
N normal vector
Q dimensionless heat transfer rate
r radial distance from tube center (m)
r1 fin major radius (m)
r2 fin minor radius (m)
rb tube radius (m)
rf circular fin radius (m)
Rf normalized fin radius, rf/rb
Rf1 major normalized radiuses, r1/rb (m)
Rf2 minor normalized radiuses, r2/rb (m)
Rf geometric mean of major and minor normalized
radiuses,
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rf1Rf2
p
t fin semi-thickness (m)
T1 ambient temperature (K)
Tb fin base temperature (K)
U dimensionless fin volume,
Greek symbols
n dimensionless fin thickness, t/rb
g fin efficiency
/ angular position from horizontal symmetric line
(rad)
w fin efficiency parameter, Eq. (4)
h (T  T1) (K)
1038 H. Nemati, S. Samivandamount of heat transfer for a specified fin volume has been
maximized.
2. Formulation of the problem
An annular elliptical fin around a circular tube is shown in
Fig. 1. Fin thickness is 2t and tube radius is rb. r1 and r2 are
the major and minor radiuses of ellipse, respectively. Convec-
tion with constant ambient temperature, T1, is the only heat
exchange method and the convection coefficient h is constant.
Based on the above assumptions, the steady state energy
equation for constant fin thermal conductivity, k, in polar
coordinate system may be written as
@
@r
r
@h
@r
 
þ 1
r
@2h
@/2
¼ m2h ð1Þ
Also, the boundary conditions may be presented
mathematically as (Fig. 2)
h ¼ hb at r ¼ rbð0 6 h 6 p=2Þ ð2aÞFigure 1 Annular elliptical fin around a circular tube.@h=@/ ¼ 0 at / ¼ 0ðrb 6 r 6 r1Þ ð2bÞ
@h=@/ ¼ 0 at / ¼ p=2ðrb 6 r 6 r2Þ ð2cÞ
@h=@N ¼ 0 at 0 6 /
6 p=2 r ¼ r1r2=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr1 sinð/ÞÞ2 þ ðr1 cosð/ÞÞ2
q 
ð2dÞ
In the preceding equations, h is (T  T1), m2 ¼ hkt and N is
normal vector.
Eq. (1) is separable and can be solved by separation of vari-
ables method [12]. However, for elliptical fin, the fourth
boundary condition, Eq. (2d), is not separable and no analyt-
ical solution may be found for Eq. (1). So a new formula based
on circular fin efficiency approximation has been proposed.
3. Fin efficiency approximation
Since the exact solution of Eq. (1) in circular case in which
o2h/o/2 = 0 and r1 = r2 = rf is a combination of Bessel func-
tion families, it is not a good base to approximate the elliptical
fin efficiency. Several equations may be found to approximate
circular fin efficiency [13–16]. In this regard the following
equation is used for circular annular fin efficiency [11]:
g ¼ tanhðmwLÞ
mwL
 w
ð3ÞFigure 2 Fin geometry in polar coordinate.
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w ¼ 1þ 0:17912 lnðRfÞ ð4Þ
in which Rf is normalized radiuses and defined as fin radius to
tub radius: Rf ¼ rfrb, and L is fin length.
This formula is simple and accurate and in the limiting case,
Rf = 1, returns to longitudinal fin efficiency formula.
To calculate the elliptical fin efficiency, one hundred eighty
models were simulated numerically. Those models cover a vast
range of thermo-geometric parameters for them: 1 6 r1
r2
6 10;
1:25 6 r1
rb
6 12:5 and 0:6 6 m 6 2700. Some cases are presented
in Fig. 3 as sample. As it is expected for r1/r2 near to unity,
constant temperature lines remain approximately circular
(Fig. 3a). However, by increasing r1/r2 ratio, as it is clear inFigure 3 Temperature contours, (a) for r2
r1
¼ 0:9 (approximately
circular), (b) for r2
r1
¼ 0:6, (c) for r2
r1
¼ 0:3 (noncircular).
Figure 4 Presented formula (Eq. (5)) and numerical results for
two limiting cases, Rf ¼ 1:185 and Rf ¼ 11:85.
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Figure 5 Comparison between fin efficiency obtained by numer-
ical results and Eq. (5).Fig. 3c, contours of temperature will no longer be circular
and it gets similar to longitudinal fin.
According to numerical results, it was observed that one
can use geometric mean of major and minor normalized
radiuses instead of Rf and arithmetic mean of major and minor
fin lengths instead of L in Eq. (4) to have elliptical fin effi-
ciency. So, the following formulas will cover all longitudinal,
circular and elliptical annular fins:
g ¼ tanhðmw
LÞ
mw L
 w
ð5Þ
w ¼ 1þ 0:17912 lnð RfÞ ð6Þ
in which
L ¼ L1 þ L2
2
¼ ðr1  rbÞ þ ðr2  rbÞ
2
ð7Þ
Rf ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rf1Rf2
p ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r1
rb
r2
rb
r
ð8Þ
Figure 6 Variation of r1 in fixed r2.
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Figure 7 Variation of Q with respect to f for U= 0.2 and
R2 = 1.5.
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Figure 8 Optimized value of Q with respect to U for (a)
R2 = 1.4, (b) R2 = 1.7, (c) R2 = 2.
1040 H. Nemati, S. SamivandThe comparison of presented formula and those obtained
by numerical results in two limiting cases, Rf ¼ 1:185 and
Rf ¼ 11:85 is shown in Fig. 4. A good agreement can be
observed.
Also, comparison between numerical results and those
obtained by Eq. (6), is depicted in Fig. 5. The RMSE is about
0.9%.
4. Fin optimization
In the case of space restriction, elliptical fin is a good replace-
ment for circular fin, since it can be extended from one side
independently (Fig. 6). The main question is that ‘‘for a spec-
ified fin volume V and r2, is there a special r1, in which the
amount of heat transfer is maximized?”
To answer this question, fin efficiency g (Eq. (5)) can be
rewritten by dimensionless parameters as
g ¼
tanh
ﬃﬃﬃ
Bi
n
q
w Rf1þRf22
2
  
ﬃﬃﬃ
Bi
n
q
w Rf1þRf22
2
 
2
64
3
75
w
ð9Þ
in which Bi= hrb/k and n= t/rb. The dimensionless volume,
U, and dimensionless heat transfer rate Q are defined as
U ¼ ðpr1r2  pr
2
bÞ2t
2pr3b
¼ ðR1R2  1Þn ð10Þ
Q ¼ ghðpr1r2  pr2bÞ=ð4pkrbhÞ ¼ g
Bi
2
ðRf1Rf2  1Þ ð11ÞFig. 7 shows variation of Q with respect to f for U= 0.2
and R2 = 1.5. Interestingly, there is an optimum value for f
in which Q is maximized for a specified fin volume. The
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Figure 9 Variation of f with respect to U for optimized value of
Q for (a) R2 = 1.4, (b) R2 = 1.7, (c) R2 = 2. Results shown in
figure may be summarized in Eq. (12).
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Figure 10 Comparison between numerical results and predicted
values, Eq. (12).
Performance optimization of elliptical fin 1041remaining is that to find the f. For this reason, Eq. (10) was
maximized numerically by Newton–Raphson method consid-
ering two Eqs. (9) and (11). Results are shown graphically in
Figs. 8 and 9.n ¼ 0:447½U  Bi0:317U0:22R ð12Þ
It approximates the value of f closely. The comparison of
predicted values and calculated values of f is shown in Fig. 10.
5. Conclusion
The efficiency of elliptical annular fin has been studied at the
present work numerically in a vast range of thermo-
geometric parameters. At first, based on circular annular fin
efficiency, it was shown that the proposed formula for annular
circular fin is still applicable if one uses arithmetic mean of
elliptical fin lengths and geometric mean of elliptical fin
radiuses. Moreover, the optimized values of f were presented
graphically. In those values, the amount of heat transfer for
specified volumes is maximized. Finally, a correlation was pro-
posed to estimate optimized value of f.
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